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Representing Data

Given data for 2 days, say t1 = 0 and t2 = 1, one way to
represent it is by the data values:

(x1, x2) = (27.3, 28.4).

Another way is as a linear function of time:

x = 27.3 + 1.1t,

which is defined only on the limited time domain t ∈ (0, 1).





Representing Data

The new way is a representation of the data with two “basis
functions”

ψ0(t) = 1

(the unit function or identity function)

ψ1(t) = t.

What if we add a third data point at t2 = 2,
so x = (27.3, 28.4, 27.7)?



Representing Data

We can still represent it with basis functions, but we need a
third one of those too. Let’s use the power of 2:

ψ0(t) = 1, ψ1(t) = t, ψ2(t) = t2.

Then our data can be written

x = 27.3 + 2t− 0.9t2

= c0ψ0(t) + c1ψ1(t) + c2ψ2(t),

which is defined only on the limited time domain t ∈ (0, 1, 2).





Representing Data

In general, we can represent any n data values as a polynomial
of degree n− 1 because that has n degrees of freedom. E.g. if
we have n = 9 data values we need an 8th-degree polynomial

x(t) = c0 + c1t+ c2t
2 + c3t

3 + ...+ c8t
8.





Representing Data

For 9 data values, we’re using 9 basis functions

ψ0(t) = 1, ψ1(t) = t, ψ2(t) = t2, ..., ψ8(t) = t8,

and
x = c0ψ0(t) + c1ψ1(t) + c1ψ1(t) + ...+ c8ψ8(t),

defined only on the limited time domain t ∈ (0, 1, 2, ..., 8).



Representing Data

Giving the data values is also a “basis-function” representation
if we define our basis functions as

δj(t) =


1 t = j

0 else

Then the expansion coefficients are the data values, and

x(t) = x0δ0(t) + x1δ1(t) + x1δ1(t) + ...+ x8δ8(t).



Representing Data

Any n data values define a point in an n-dimensional space (a
vector space, in fact) which we can call sampling space, simpling
by using the data values as its coordinates.

But (big but) the space exists quite apart from any choice of
coordinate system. We can use any suitable coordinate system,
which means selecting a suitable set of basis vectors/functions.



Representing Data

We can always represent the point as a sum of constants times
basis vectors (basis functions). The “delta basis”

δj(t) =


1 t = tj

0 else

can be called the canonical basis. But it’s hardly the only one.
Powers of t also make a perfectly good basis.



Requirements of a Basis Set

To make an acceptable basis, the basis functions (vectors) have
to span the space. To do so, we need as many basis functions
as we have data values. But they must also avoid redundancy.

This means the the only way to get the zero point (vector) ~0 is
to have all the expansion coefficients equal to zero

c1ψ1(t) + c2ψ2(t) + ...+ cnψn(t) = 0 for all t in the domain

requires cj = 0 for all j = (1, 2, ..., n). This is the definition of
the trial functions/vectors ψj(t) being linearly independent.



Periodic Basis

Particularly convenient basis functions are the trigonometric
functions cos(2πνt) and sin(2πνt) for various frequencies ν.

If we have N data points so our space is N -dimensional, the
time spacing is always the same constant τ , the times will be
tj = jτ , for j = 1, 2, ..., N . We’ll call T = Nτ the total time
span (even though the difference betwee the first and last times
is only (N − 1)τ).



Periodic Basis

Let’s impose the periodic boundary condition, that the frequen-
cies will satisfy

2πνT = 2πk,

for some integer k. Then our frequencies are

νk = k/T =
k

Nτ
.

We’ll call a basis built from such functions a Fourier basis.



Fourier Basis

For k = 0, 2πνk = 2πν0 = 0 so sin(2πνkt) is identically zero, so
that special case doesn’t make a valid basis function.

But cos(2πν0t) = 1(t) so the zero-frequency case gives us the
unit function

ψ0(t) = cos(2π × 0× t) = 1(t).

From k = 1 we get the next two basis functions

ψ1(t) = cos(2πt/T ), ψ2(t) = sin(2πt/T ).























Fourier Basis

For an N -dimensional space (N data points) we only need N
basis functions, so we don’t need to use all integers k. But we
can’t anyway, because if two integers differ by N we have

cos(2πν(k+N)t) = cos(2π(k +N)t/(Nτ))

= cos(2πkt/(Nτ)) cos(2πNt/(Nτ))

− sin(2πkt/(Nτ)) sin(2πNt/(Nτ)).



Fourier Basis

Now substitute t = jτ (j an integer) and T = Nτ to get

cos(2πν(k+N)t) = cos(2πjk/N) cos(2πj)−sin(2πjk/N) sin(2πj).

Because j is an integer (even time spacing) this is

cos(2πν(k+N)t) = cos(2πjk/N) = cos(2πνkt).



Fourier Basis

Of course, that’s only at the times t in our domain! But that’s
all that matters – those are the only times with data.

A similar argument holds for sin(2πν(k+N)t). Hence frequencies
νk = k/T and ν(k+N) = (k + N)/T lead to the same basis
functions; they’re redundant.



Fourier Basis

To span the space of possible data values, we need N basis func-
tions/vectors. Each frequency νk gives us two of them (cosine
and sine) except for k = 0 when it only gives us one of them
(the unit function 1(t)).

So: for a Fourier basis we use frequencies νk = k/T = k/(Nτ)
for integers k from 0 to 1

2
N (N = number of data points).



Fourier Coefficients

We seek to express the data xj as

xj =

1
2
N∑

k=0

[
cj cos(2πνktj) + sj sin(2πνktj)

]
.

This is a Fourier series expansion.

How do we transform the data values xj (j = 1, 2, ..., N) into
the expansion coefficients cj and sj?



Fourier Coefficients

It depends on the fact that for νk one of the “Fourier frequen-
cies” (i.e. νk = k/T = k/(Nτ)) we have

N∑
j=1

cos(2πνktj) = 0 =
N∑
j=1

sin(2πνktj),

unless k = 0, in which case

N∑
j=1

cos(2πνktj) =
N∑
j=1

cos(0) = N.



Fourier Coefficients

We also use the angle-sum and angle-difference formulae to note
that

cos(2πνat) cos(2πνbt)

=
1

2

[
cos(2π(νa − νb)t) + cos(2π(νa + νb)t)

]
,

and
sin(2πνat) sin(2πνbt)

=
1

2

[
cos(2π(νa − νb)t)− cos(2π(νa + νb)t)

]
,



Fourier Coefficients

and
sin(2πνat) cos(2πνbt)

=
1

2

[
sin(2π(νa + νb)t)− sin(2π(νa − νb)t)

]
.



Fourier Coefficients

This enables us to compute the sum, over all the observed times
tj, of products of basis functions. We get

N∑
j=1

cos(2πνatj) cos(2πνbtj) =



N a = b = 0

1
2
N a = b 6= 0

0 else



Fourier Coefficients

Likewise

N∑
j=1

sin(2πνatj) sin(2πνbtj) =


1
2
N a = b 6= 0

0 else

Finally
N∑
j=1

sin(2πνatj) cos(2πνbtj) = 0,

for all a and b.



Fourier Coefficients

What this tells us is that our Fourier basis is an orthogonal basis
if we define the “inner product” as proportional to the sum over
all observed times tj of products of basis functions. That’s why
we choose the frequencies we did – so the basis functions would
be orthogonal.

We’ll choose the constant of proportionality as 1/N , so the inner
product is

〈φa|φb〉 =
1

N

N∑
j=1

φa(tj)φb(tj).



Fourier Coefficients

Then we have (using ψ0(t) = 1(t), all others are cosine and sine
functions with nonzero frequency)

〈ψa|ψb〉 =



1 a = b = 0

1
2

a = b 6= 0

0 else



Fourier Coefficients

Start with the Fourier series expansion

xj = x(tj) =

1
2
N∑

k=0

[
ck cos(2πνktj) + sk sin(2πνktj)

]
.

Then take its inner product with a cosine basis function with
nonzero frequency

1

N

N∑
j=1

xj cos(2πνatj).



Fourier Coefficients

All terms will drop out except that for k = a, so we’ll have

1

N

N∑
j=1

xj cos(2πνatj) =
1

2
ca.

Hence the cosine coefficients are

ca =
2

N

N∑
j=1

xj cos(2πνatj).



Fourier Coefficients

A similar argument shows

sa =
2

N

N∑
j=1

xj sin(2πνatj).

Finally, for the zero-frequency term we have

c0 =
1

N

N∑
j=1

xj,

which is just the data average.



Fourier Coefficients

The key is that when our basis functions form an orthogonal
set (not necessarily orthonormal, but at least orthogonal), the
expansion coefficients are

ck =
〈ψk|x〉
〈ψk|ψk〉

.

(note: no
∑
k, i.e. no Einstein summation convention)

An orthogonal basis is “friendly.”

An orthonormal basis is “ideal.”



Periodic Signals

Why use a Fourier basis? One important reason: the basis
functions are periodic, so they do a good job modeling periodic
signals.

A “sinusoidal” periodic signal with frequency ν takes the form

f(t) = A cos(2πνt) +B sin(2πνt).

Note: the word “sinusoidal” refers to the shape, it can be a sine
function or a cosine function or a combination of both.



Periodic Signals

The sine and cosine functions are equal, but with a time delay.

cos(2πνt) = sin
[
2π
(
νt+

1

4

)]
.

Detecting periodicity with period P is the same as detecting
periodicity with frequency ν

ν =
1

P
, P =

1

ν
,

so we can look for Fourier components cos(2πνt) and sin(2πνt).



Periodic Signals

We look for activity at frequency νk (with νk = k/(Nτ)) by the
strength of its coefficients ck and sk when representing the data
with a Fourier basis.

Very positive and very negative both represent strong activity
at the given frequency.

A given frequency’s activity is the combination of its sine and
cosine coefficients.



Periodic Signals

Given the cosine and sine coefficients ck and sk (for frequencies
νk), we can compute a strength for each frequency as

Ik = c2k + s2k.

Of course any signal – even random noise – will have coeffi-
cients, because our Fourier basis can represent any data. What
strength represents a “statistically significant” signal, rather
than just the response to random noise?



Random Noise

What do we expect the strength to be if the data are just ran-
dom noise? Assume zero-mean white noise, so xj = εj with
〈εj〉 = 0 (zero-mean) and 〈xjxk〉 = σ2δjk (white noise). Ex-
pected value of a cosine coefficient is

〈ck〉 =
2

N

N∑
j=1

cos(2πνktj)〈εj〉 = 0.



Random Noise

Expected square is

〈c2k〉 =
(

2

N

)2 N∑
a=1

N∑
b=1

cos(2πνkta) cos(2πνktb)σ
2δab

=
(

2

N

)2

σ2
N∑
a=1

cos2(2πνkta) =
(

2

N

)2

σ2
(
N

2

)
=
(

2

N

)
σ2.

It’s the same for the sine coefficient.



Random Noise

Hence, for random noise the expected intensity is

〈Ik〉 = 〈c2k + s2k〉 =
(

4

N

)
σ2.



Complex is Simpler

In my opinion, a much simpler way to do theoretical calculations
is to use complex basis functions (and their complex conjugates)

ψk(t) = ei2πνkt.

The complex conjugate is indicated by placing a bar over a
quantity

ψ̄k(t) = e−i2πνkt.

These (for Fourier frequencies νk = k/T = k/(Nτ) and their
complex conjugates make up the Fourier basis.



Complex is Simpler

Euler’s theorem

eiθ = cos(θ) + i sin(θ),

tells us that the real part of a basis function is the cosine term,
the imaginary part is the sine term.

Note that the complex conjugate of a positive-frequency term
is the negative-frequency term

ψ̄k(t) = ψ−k(t).



Complex is Simpler

We do need to re-define the inner product so that the inner
product of a function with itself is always real and positive-
definite. Define the inner product of φ(t) and ψ(t) as

〈φ̄|ψ〉 =
1

N

N∑
j=1

φ̄(tj)ψ(tj).

Then

〈ψ̄|ψ〉 =
1

N

N∑
j=1

ψ̄(tj)ψ(tj) =
1

N

N∑
j=1

|ψ(tj)|2.



Complex is Simpler

The cool part is that now our Fourier basis functions are or-
thonormal

〈ψ̄j(t)|ψk(t)〉 = δjk.

Together they make a complete orthonormal basis for the set of
all possible data values at N times.

We now compute complex expansion coefficients

Fk =
〈ψ̄k|x〉
〈ψ̄k|ψk〉

.



Complex is Simpler

The Fourier series becomes

x(t) =

1
2
N∑

k=− 1
2
N

Fke
i2πνkt.

The squared norm of a (complex) Fourier coefficient is

|Fk|2 = F̄kFk = F−kFk.



Complex is Simpler

For white noise, the expected squared norm of a Fourier coeffi-
cient is

〈|Fk|2〉 =
(

1

N

)2 N∑
a=1

N∑
b=1

e−i2πνktaei2πνktbσ2δjk

=
(

1

N

)
σ2.



Periodogram

We’re now ready to compute something called the periodogram.

For each frequency satisfying the periodic boundary condition
(νk = k/T = k/(Nτ)), compute the Fourier coefficient Fk and
the Fourier intensity |Fk|2. Then we want to re-scale the inten-
sities.

But ... scientists don’t agree on how to re-scale.



Periodogram

Statisticians rescale by multiplying by N , so

Ik = N |Fk|2, 〈Ik〉 = σ2( for white noise).

Geophysicist rescale by 1/σ2, so

Ik =
1

σ2
|Fk|2, 〈Ik〉 =

1

N
.

Astronomers re-scale by N/σ2 (what I usually use), so

Ik =
N

σ2
|Fk|2, 〈Ik〉 = 1.











“Other” Frequencies

Our “Fourier frequencies” are chosen as νk = k/T = k/(Nτ)
because then they form a complete orthonormal set. Hence we
can express any set of data as its Fourier series. What if the
signal, defined by the physics, is periodic at a frequency which
is not one of our Fourier frequencies?

Notice the Fourier frequencies are equally spaced, 1/T apart.
What if the signal frequency is midway between two of them?







“Other” Frequencies

One way we can detect the true signal frequency is to com-
pute the periodogram at frequencies other than just the Fourier
frequencies. I generally do so not just at Fourier frequencies
νk = k/T , but at four times as many frequencies, i.e. for fre-
quencies ν = k/T , (k + 1

4
)/T , (k + 1

2
)/T , and (k + 3

4
)/T .

This process is called oversampling the periodogram. The over-
sampled frequencies are not statistically independent ... but
they do help us get a more precise signal frequency estimate.




